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ABSTRACT 


In a classical inventory economic order quantity (EOQ) model, the stock is depleted due to both market demand and 
deterioration. Many inventory models are developed for items under variable rate of deterioration. The two parameter 
Weibull distributed term is a representation of constant, time dependent linear and non-linear, increasing and decreasing 
rate of deterioration. Again the demand rate is assumed here as time dependent in beginning of cycle and then becomes 
constant as passage of time. Shortages are allowed and fully backlogged. Moreover the trade credit policy is a win-win 
payment strategy for sharing profit in the inventory system. This present paper deals with a replenishment policy assuming 
two parameter Weibull distributed deteriorating items, demand rate a ramp type function of time under permissible trade 
credit policy. Finally several numerical examples are given to illustrate the model and some particular cases are also 


discussed along with its’ illustrations along with concluding remarks. 
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INTRODUCTION 


In a classical EOQ model and in view of a real life situation, inventory is depleted due to both market demand and 
deterioration. So many decision makers are always confined for making policies to control and maintain inventories of 
deteriorating items. Researchers like Covert and Philip [1973], A. K. Jalan et al [1996], T. Chakrabarty et al [1998], K. S. 
Wu (2002), Anil Kumar Sharma [2012], Biswaranjan Mandal [2010], [2020] and many are developing different inventory 
models assuming items which deteriorate at constant or vary over time. In this paper, the deterioration rate is followed by 
two parameter Weibull distributed which is a representation of constant, time dependent linear and non-linear, increasing 


and decreasing function of time. 


The assumption of constant demand is not always appropriate for many inventory models. When a new brand of 
goods like new branded car, dolls, advanced computer devices etc come in the market, the initial demand is mostly 
increasing with time and then ultimately stabilizes as constant. This pattern of demand is called a ramp type demand of 
time. It is mostly seen in the present field of economy in any kind of business sectors. In this field, researchers like W.A. 


Donaldson[1977], E.A. Silver[1979], R.M. Hill[1979], M. Mallick [2018], Biswaranjan Mandal [2020] etc. are mentioned 
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a few. The present model assumes such type of ram type demand function of time. 


Traditionally, the supplier is paid for the items as soon as the items are received by the purchaser. But a 
permissible trade credit policy is developed where the supplier may provide a delay period to the customer if the 
outstanding amount is paid within a fixed settled period. No interest is charged during this period. Moreover beyond this 
period of time, the interest is charged by the supplier. This trade credit policy is a win-win payment strategy for sharing 
profit in the inventory system. In this context, a few researchers, S. P. Aggarwal et al [1995], H. J. Chang et al [2002], Y.F. 
Huang [2007], H. C. Chang[2009], G. Li et al [2014], N. P. Behera[2017], Biswaranjan Mandal [2021] etc. are noteworthy. 


This present study investigates a situation in which replenishment policy is assumed with two parameter Weibull 
distributed deteriorating items, demand rate a ramp type function of time under permissible trade credit policy. Shortages 
are allowed and which is fully backlogged. Finally several numerical examples are given to illustrate the model and some 


particular cases are also discussed along with concluding remarks. 
ASSUMPTIONS AND NOTATIONS 
The following fundamental assumptions and notations used in the present paper are made: 
Assumptions 
e Replenishment rate is infinite but size is finite. 
e = Lead time is zero. 
e The time horizon is finite. 
e There is no repair or replacement of the deteriorated items occurring during the cycle. 
e Deterioration occur when the item is effectively in stock. 


The deterioration rate function for two parameter Weibull distribution is 
6 (t)= Br? 1,0<a <<1,B >0,t>0. 


When = OQ, deterioration of items is switched off, when B = 1, 8 (t) becomes a constant, when B <1, the rate 


of deterioration is decreasing with time t and when B >1, the rate of deterioration is increasing with time t. 
The demand rate D(t) is assumed to be a ramp type function of time 
Di) = D,lt-@-W)H@-p)],D, > 0, 

where the well-known Heavisides’ function H(t — WL) is defined as 


lt2u 
H(t-p)={ (see figure 1). 
O,t<U 


Shortages are allowed and fully backlogged. 
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Figure 1: Ramp type demand function 


Figure 1. 
Notations 
The following notations are made: 
e = q (t): On hand inventory at time t. 
e =6T : The fixed length of each production cycle. 
e =S: The size of initial inventory 


e Q: The total amount of on-hand inventory. 


e ft, : Length of the period with positive stock of the items. 

e  t, : Allowable trade credit period during settling the account. 
e C : The ordering cost per order during the cycle period. 

e c : The unit cost per item. 

eC, : The holding cost per unit item. 

e¢ Cc, : The shortage cost per unit item. 


e TI . : The interest earned per unit time, 


e I a The interest paid per unit time, 


e C o : The total ordering cost over the cycle period. 


e C p : Cost due to deterioration over the cycle period, 


© C 


x * Holding cost over the cycle period, 


e C y : Cost due to shortage over the cycle period, 
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e F, : Total Interest payable over the cycle period, 


° A : Total Interest earned over the cycle period, 


a_e inventory cost per unit time. 
TC: Total aver g y P 


MODEL DEVELOPMENT 


Let Q be the total amount of inventory purchased or produced at the beginning of each period and S(>0) be the initial 
inventory assumed after fulfilling backorders. During [0, Aig. the stock will be gradually depleted due to the effect of 


deterioration and market demand, and ultimately falls to zero at t = fi The shortages occur during time period ie , T] which 


are fully backlogged. The instantaneous state of the inventory level q(t) at time t governed by the following equations 


ar +O(t)g(t)=-DW),0S1St, (1) 
t 
dq(t 
And iO. —D(t),t, $tsT (2) 
dt 
The boundary conditions are gq(0) = S' and g(t,)=0 (3) 


In the present model, we assume H <f, and so the above two equations become 


10) 5 a1! “'g(t)=—D,t,0<t<u (4) 
dq(t 
a ) 4 aBr"g(t)=—Dyuw St St, (5) 
dq(t 
and uD - =D i; StS (6) 


As 0 <Q <<1, we ignore the terms of O(a? ), and using the boundary conditions (3) we get the following solutions of 


the above equations (4), (5) and (6) 


Dt? ap 
t)= S(1—at? 1-— +9), 0<1r< 
q(t) = S( = 5 —=| B+2 air u (7) 
Div ou? 
(t) = S(1—at? )— D,we[1- ap 1°) +— [1—-at? + —~* __], w <r <1, 
: . B+1 2 (B +1)(B +2) . (8) 


and 


q(t) =—-D,U(t-t,),t, St <T (9) 


An Inventory Model for Weibull Distributed Deteriorating Items Under Ramp Type Demand and Permissible Trade Credit Policy 85 


Since qt, )=9, we get from the equation (8) the following (neglecting second and higher order terms of 
a (<< 1) 


2 B 
Ga ppeiee a pg. 


1 + ] (10) 
B +1 2, (B +1(B +2) 


Therefore the total amount of on-hand inventory over the entire cycle (0,T) is 


T i i 
Q=S+|D()dt-S+|Ddt=S+ DWT) 


ty ty 

Putting the value of S obtained from (10), we get the following 
B41 

MO pa OLML 
O=Du(r—- 4+ 
2 B+ (B +1)(B +2) 


INVENTORY SCENARIOS 


(1) 


Regarding interests charged and earned the following three distinct cases are considered due to the total depletion of the 


on-hand inventory at time t, (< T) 
Casel: t, SU St, <T 
Caselli: USt, St, <T 


and Case Ill: U St, St. <T 


. > ‘ + - 
> + 
. "i ) woe (, Time axis 
) ft f, T Time axis , 


Caves HS1 Sh <1 Case: <4, <i, <I 


Figure 2. 


The total interest payable over the entire cycle (0,T) is 


IP,t.<p<t,<T 
P, =|IP,,w<t,<t,<T 
IP, Wwst,<t,<T 


The total interest earned over the entire cycle (0,T) is 
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IE,,t,Sst,<T 
I, =|IE,,W St, St, <T 
IE,,W St, St, <T 


The total average cost of the system per unit time is given by 


i Ore eS | ef 
TC =|TC,,u St, $t,<T 
TC, Wt S1.<7 


Cost Components 


The total inventory cost during the period [0, T] contains the following cost components: 


e Ordering cost (Co ) during the period [0,T] = Co (fixed) 
¢ Cost due to deterioration (C p) during the period [0,T] = cQ 


B+1 
Dwr 42 po 


a pat" ~(B +p +2). 


© Holding cost for carrying inventory ( Cy ) during the period [0,T] 
4 HL 4 
Cy =e, | gat =ce,{| qat+ | q(de] 
0 0 ve 


2 2 B+2 
= ob 7) B+2 oR 
2 


tp? ——____*___ 
6 (6B +16 +2) (B+I(B +2 +3) 


© Cost due to shortage (Gs ) during the period [0,T] 


T 
Cy 6, J DOT dt = oD, Ean) 


Casel: t, SuUSt,<T 


The total interest payable (. = IF) during the period [0,T] 


B+3 2 B+2 


pet, tHe, = wap 4 = t.+ sa ife 
2 B+1 (B+1I(B+2) © B+1 


q H t 3 
= cl, | q(t)dt = cl pL | gat + | q(at]= cr, p,(—" oBy t 
t, t, HL 


3 (B+I(B +2)(B +3) 


ou” t+ ss ap B+3 lt a8 Lut, hz) 
AB+H)° 6 2B +2)(B +3) ° 2 (B+1\B +2)" ' 


The total interest earned (/,. = JE, ) during the period [0,T] 
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4 Ht t 
=cl,| D(ttdt = cl,.| Dy?dt + | Dywrdr] 
0 0 vy 


2 
pees 
2 3 
The average total inventory cost per unit time is given by the following 


TC (t,) = =ICo+ Cy + Cy, +Co+IP-1E,) 


1 
BH ; 
— MO pa oy how a S ou?’ a ‘ 
cD, ulT + t ] ,Dl--- BP Hin _,y 
-T (o gp 2 Bat! CB eDR+2 4 OE angen" “GenG+DGry 4 WP 
3 B43 2 B42 
l,j of eg +t, OE, on g_ OH , OH pa : 


5 BHBBH 2 BH GHyB+2 BH! ae oe Bot, Bo 
ABH” 6 ABHAB 2 GHG 


aDeG-)| (12) 


The necessary condition for the minimization of the average cost TC, (t, Jis 


arCh) _. 
dt, 


0 


After little calculation, the following non-linear equation in f, is 


Ath" +BrP +Ct,+D,=0 (13) 
where 
corp 
A, = fai rc (eb ul), B,= cHa(dl—J,t.), C, ={cc, +cud, =F )ae,} 
and 
oO 
D, =—cl ut, tcl, 18" —cT 
Pp c Dp ic Ss 
B +1 
an - _. a TC,(t,) 
For minimum, the sufficient condition — se >0O would be satisfied. 


1 


The optimal values S$ * of S, QO of Q and TC, of TC, are obtained by putting the optimal value f, = i; from the 


expressions (10), (11) and (12). 


Case Il: W St, St,<T 
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The total interest payable (. = IP,) during the period [0,T] 


‘ 2 2 
-c »| aoa =a Duleep 4 Ope, = 5 tg oF pre oF dea 
i a”. 2 B+ B+1 (B+1)(B +2) (B+1)(B +2) 


c 


The total interest earned (/,, = JE, ) during the period [0,T] 


q A 4 
=cl, | D(t)tdt = cl,[| Dyt*dt + | Dowtdt] 
0 0 u 


2 
eh Dee (eas 
2 3 
The average total inventory cost per unit time is given by the following 
1 
TC,(t,) = Z [Co+ Cy + C,+C,+JP,-IE,] 


2 


weak + Mh O gy ou P*t + ce,D i - +8 _n___ Bn” _ 
T 6 (B +16 +2) (B +1)(B +2)(B +3) 


B+2 


] 


ENE 2 Bal! TESNCESS 2 


2 2 
Dot hy) # a oe ee ered cl,D, Hey] (14) 


04 
B+! *@enBr2 Br B+2< 2 3 


e: 2 
t, t a 
1, Dales -tt,+-+ P44 - 


2 B+‘ 


The necessary condition for the minimization of the average cost IG, (t,) is 


dTC,(t,) _ 
dt, 


0 


After little calculation, the following non-linear equation in f, is 


At?" + Bt? +C,t,+D, =0 (15) 
Where 
cot 
A, = B Fe +l), B, =chad—I,t,), C, ={cc, +cud, -1,) +c,} 
and 
= OW B+ 
D, a aac re =eL 


For minimum, the sufficient condition >0O would be satisfied. 


d°TC,(t,) 
d 2 


1 
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The optimal values S ” OF S, QO of Q and TC. of IG, are obtained by putting the optimal value 1, obtained 


from the expressions (10), (11) and (14). 


Case lll: U St, St, <T 


In this case, the retailer pays the procurement cost to the supplier prior to expiration of the trade credit period ‘° provided 


by the buyer. Hence, there will be no the interest charged fh = 0) for the items kept in stock. Since the credit period is 


greater than the depletion time of inventory, the interest earned during the period [0,T] is given by the following 


{ at t,—t,)| D(t)dt 
ie, _a,! " al, | : 


H 4 K 4 
[| Drde+ | Dwedr] (t, -1)L] Dytdt + | Dwar] 
0 bh e 0 


mv 


_c cl 


e 


aS ul 
_ eras (t.-t,)(t, sare) 


The total average inventory cost during the period [0,T] is given by the following 


1 
TOG) 7 VC; Cy Ce Cy Te Te, 


[ ] 


1 4 2 2 B+2 
cae C cDyulT uu 7 a ee op? ec, Dale H co) p82 oBy 
a i ie 2 B+! B+YB+2) 4 


HL 2 
-H+ peo pr 
2 6 (B+1(B +2) (B +1(B +B 43)" + ae 3 SY 


2 2 


tf ou nu 
T,Doul +(t,-t)( ->)] 
ewe € ae (16) 
— oo _ aTC,(t,) ; 
By the similar procedure as in case I and case II, the optimality equation ——~—— = 0) yields 
1 

AxtP*! + BytP +C,t,+D, =0 (17) 

Where 
cc, U 
A, rsh B,=cwa, C, =c(c, +Wl,)+c, and D, = cH. a el a 


The above equation can be solved to find the optimal values of f,, and then the optimal values of S, Q and TC, 


can be obtained from the expressions (10), (11) and (16) respectively. 


SOME PARTICULAR CASES 


If the deterioration of the items is switched off i.e. O& =O, then the equations (13), (15) and (17) for the above 


mentioned cases become 
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And 
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D 

t= ae where C, ={cc, +cuCU, —1,)+c,} and D, =—(cl,,ut, +¢,T) (18) 
1 
D 

t, oars where C, ={cc,, +cud, —I,)+c,} and D, = —(cI,Mt, +cT) (19) 
2 
D 

t, sa where C, =c(c, +Ul,)+c, and D, = cul se aa Oe (20) 
3 


The optimum values of f, obtained from (5.1), (5.2) and (5.3) give the optimum values of S, Q and TC for the three cases. 


If the deterioration rate is constant i.e. B =1 , then the equations (4.2), (4.4) and (4.6) for the above mentioned 


cases become 


where 


and 


where 


and 


And 


where 


cases. 


Af, +(B, +C,)t, + D, =0 (21) 
‘Ol 
A, = = ( +pl,), B=cua(l-It,),C,={cc, +cud, -1,) +¢,} 


a 
D, =—cl Wt, +cl, a -—c,T 


A,t, +(B,+C,)t,+D, =0 


(22) 
zo = Se, +ul,). B, =cpha(dl—J,t,), C, ={ce, +cud, -1,)+¢,} 
D, =—cf wt, +cl, ae a OO 
A,t; +(B,+C,)t,+D, =0 (23) 


A, = “ae , By = clo, C,=clc, +H, +e, and p 


CW (E+) 6 


The optimum values of ¢, obtained from (19), (21) and (23) give the optimum values of S, Q and TC for the three 


An Inventory Model for Weibull Distributed Deteriorating Items Under Ramp Type Demand and Permissible Trade Credit Policy 91 


Numerical Examples 
To illustrate the preceding inventory model, the following examples are considered for the three inventory scenarios 


namely case I, case II and case III. The values of the parameters be as follows 


C, = $200 per order, D, =100 units, c, =$0.12 per unit, c, = $10 per unit, I, = $0.15 per unit, 7, = $0.13 per 
unit, OC = 0.001, B =2, UW =0.4 year, T = 1 year and the set of values of f, and c are assumed as ¢,= { 0, 0.1, 0.3, 0.5, 
0.7, 0.9}years and c = { 20, 40, 80, 100, 120, 150, 180, 200} dollars/unit. 

Solving the equation (13), (15) and (17) with the help of computer using the above parameter values, we find the 


following optimum outputs 


Casel: t,<ust,<T 


Table A: 
Table 1 
Changing Parameters Optimal Values 
c t, ; Ss eo Nic 
0.0 0.79 | 23.83 | 32.006 | 919.51 
20 0.1 0.81 | 24.22 | 32.007 | 913.45 


0.3 0.82 | 24.98 | 32.008 | 900.81 

0.0 0.66 | 18.44 | 32.003 | 1594.91 
40 0.1 0.68 | 19.07 | 32.004 | 1586.81 
0.3 0.71 | 20.34 | 32.005 | 1569.90 
0.0 0.49 | 11.75 | 32.001 | 2896.06 
80 0.1 0.52 | 12.69 | 32.002 | 2888.42 
0.3 0.56 | 14.59 | 32.003 | 2868.72 
0.0 0.44 | 9.53 | 32.001 | 3535.99 
100 0.1 0.46 | 10.58 | 32.002 | 3529.55 
0.3 0.52 | 12.68 | 32.003 | 3510.71 


Case II: U St, St, <T 


Table B: 
Table 2 
Changing Parameters Optimal Values 

c t. i los: 0: TC 
0.5 0.84 | 25.74 | 32.007 887.50 

20 0.6 0.85 | 26.13 | 32.008 880.59 
0.8 0.87 | 26.89 | 32.009 866.27 
0.5 0.74 | 21.61 | 32.005 1549.10 

40 0.6 0.76 | 22.24 | 32.006 1538.34 


0.5 0.61 | 16.48 | 32.003 2843.13 


80 0.6 0.64 | 17.43 | 32.004 2828.13 
0.8 ak wk pas pas 
0.5 0.57 | 14.78 | 32.002 3483.91 

100 0.6 0.60 | 15.83 | 32.003 3467.52 
0.8 ak ak pas +k 
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Case II: UW St, St, <T 


Table C: 
Table 3 


0.8 0.53 | 13.18 | 32.003 | 3954.43 
0.5 0.43 | 9.26 | 32.001 | 4974.93 
150 0.6 0.45 | 10.13 | 32.002 | 4926.39 
0.8 0.50 | 11.87 | 32.003 | 4832.43 
0.5 0.40 | 8.15 | 32.001 | 5872.46 


180 0.6 0.43 | 9.07 | 32.002 | 5815.31 
0.8 0.47 | 10.89 | 32.003 | 5705.18 
200 0.6 0.41) 8.91 | 32.001 | 6406.03 


0.8 0.46 | 10.36 | 32.002 | 6285.03 
(** indicates the infeasible solution) 


NUMERICAL ILLUSTRATION FOR THE PARTICULAR CASES 


Considering the same parametric values as mentioned above, we find the optimum values for the particular cases as 


follows 


Table-D 


Table 4 


Absence of Case I 20 0.1 0.81 24.23 31.999 913.36 
deterioration Case II 20 0.5 0.84 25.76 32.000 887.38 
Case III 120 0.5 0.47 10.76 31.999 4164.36 
Constant rate of Case I 20 0.1 0.81 24.22 32.012 913.56 
deterioration Case II 20 0.5 0.84 25.75 32.014 887.61 
Case III 120 0.5 0.47 10.75 32.004 4164.30 
CONCLUDING REMARKS 


On the basis of the results shown in Table A, Table B and Table C the following observations can be made 


* 

¢ TC increases while S° and QO decrease with increase in the values of the system parameter c. On the other 
a . k af . . . . 

hand TC’ decreases while Sand Q increase with increase in the values of the system parameter f,. The results 


obtained show that S° and QO are less sensitive and TC is highly sensitive towards the changes of these 


parameters c and f.. 


e It is also observed that inventory cost (77C *) is attained minimum mostly for the case II. Therefore when the 
permissible trade credit period flies between [ andf,, the total average inventory cost attains minimum most in 


the proposed inventory model. 
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** indicates the infeasible solution attained where the condition for the corresponding inventory scenario is 


violated. 


¢ = The results obtained in Table D conclude that there are no major changes in the optimum values of TC , ,5 * and 
OQ for the two particular cases of the inventory model assuming absence of deterioration and constant rate of 
deterioration. 
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